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2. Implemented Toolbox

3. Proposed Method
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Non-Parametric Geometry Changes

Envision engineer working on design

Multi-query setting:
sequence of geometries

Properties of changes:

1. very localized

2. unforeseen

Cluster often available.
Cloud always available.
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Proposal

I Modify the Reduced Basis Method (RBM) to use basis functions with local
support.

I After geometry change, reuse basis functions which do not have support in
changed area.

Andreas Buhr February 19, 2015
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Standard Reduced Basis

Problem

Find uµ in V such that
aµ(uµ, v) = fµ(v) ∀ v ∈ V

Subspace Construction

Construct subspace Ṽ ⊂ V with dim(Ṽ)� dim(V),

Ṽ := span{uµ1 , uµ2 , uµ3 , . . . }

Reduced Problem

Find ũµ in Ṽ such that
aµ(ũµ, ṽ) = fµ(ṽ) ∀ ṽ ∈ Ṽ

Andreas Buhr February 19, 2015
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Standard Reduced Basis

Problem

Find uµ in V such that
aµ(uµ, v) = fµ(v) ∀ v ∈ V

Subspace Construction - To Be Changed

Construct subspace Ṽ ⊂ V with dim(Ṽ)� dim(V),

Ṽ := span{uµ1 , uµ2 , uµ3 , . . . }

Reduced Problem
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Localized Reduced Basis

Reduced Space is spanned by solutions to localized problems.

Andreas Buhr February 19, 2015
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Implemented Toolbox to Localize Problems

I Nonoverlapping Domain Decomposition:

Ω =
⋃

i

Ωi Ωi ∩ Ωj = ∅ i 6= j

I Fine mesh resolving DD
I Finite Element ansatz space
I Grouping of FE ansatz functions by their support

V =
⊕

k

Vk Vk ⊂ V

I Joining subspaces Vk

Andreas Buhr February 19, 2015
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Example for Space Decomposition

Ω1 Ω2 Ω3 Ω4

Andreas Buhr February 19, 2015
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Example for Space Decomposition

V1 V2 V3 V4 V5 V6 V7

Ω1 Ω2 Ω3 Ω4

Andreas Buhr February 19, 2015
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Example for Joined Subspaces

solving in one domain solving in a patch of six domains

Andreas Buhr February 19, 2015
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ArbiLoMod Overview

Start

Reduced Interface Spaces

converged?

Generate Initial

no yes

Reduced Interface Spaces
Extend

Reduced Volume Spaces
Generate

Reduced Solution

Calculate

End

Reduced Interface Spaces
Enrich

Andreas Buhr February 19, 2015
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1. Generate Initial Interface Spaces
Adaption of “Pairwise Training” from
PR-SCRBE[4],
Sixpack-Training:

On patch around interface:
I solve for random boundary conditions
I restrict solutions to interface
I create POD of restricted solutions
I use largest POD modes

Andreas Buhr February 19, 2015



liv
in

g
kn

ow
le

dg
e

W
W

U
M

ün
st

er

WESTFÄLISCHE
WILHELMS-UNIVERSITÄT
MÜNSTER Interactive Simulations Using Localized RB 14 /29

2. Extend Interface Spaces

Solve on touching domains with
interface spaces as boundary values

VdVi

Extension Operator

For fixed parameter µ: E : Vi → Vi ⊕ Vd

ψ 7→ ψ + ϕ
aµ(ψ + ϕ, v) = 0 ∀v ∈ Vd

Andreas Buhr February 19, 2015
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3. Generate Volume Spaces

For all interface functions:
For all parameter values in training set:
Create volume basis which can approximate
solution.

Vd

Vi,1

Vi,2

Vi,3

Vi,4

Volume Basis

With parameter training set Ξ:
VIE := E(Ṽi,1)⊕ E(Ṽi,2)⊕ E(Ṽi,3)⊕ E(Ṽi,4)
M1 := {ϕ ∈ Vd | aµ(ψ + ϕ, v) = 0 ∀v ∈ Vd, µ ∈ Ξ, ψ ∈ VIE}
M2 := {ϕ ∈ Vd | aµ(ϕ, v) = fµ(v) ∀v ∈ Vd, µ ∈ Ξ}
Ṽd := greedy(M1 ∪M2)

(left out node spaces)

Andreas Buhr February 19, 2015
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4. Calculate Reduced Solution

Reduced Problem

Find ũµ in Ṽ such that
aµ(ũµ, ṽ) = fµ(ṽ) ∀ ṽ ∈ Ṽ

Reduced Space Ṽ

Ṽ :=
⊕

i

E(ṼI,i)⊕
⊕

i

ṼD,i

Andreas Buhr February 19, 2015
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5. Enrich Interface Spaces

On patch around interface:
I Use last solution as boundary values
I Solve on patch
I restrict solution to interface
I enrich interface space

Andreas Buhr February 19, 2015
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ArbiLoMod Overview

Start

Reduced Interface Spaces

converged?

Generate Initial

no yes

Reduced Interface Spaces
Extend

Reduced Volume Spaces
Generate

Reduced Solution

Calculate

End

Reduced Interface Spaces
Enrich
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Numerical Example
Heat conduction
−∇ · (σ∇u) = 0 Neumann boundary

Neumann boundary

D
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le
t
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D
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h
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u
n
d
a
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-1
)

σ = 1

σ = 105
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Sequence of Geometries

Geometry 1:

zoom left zoom right Solution

Andreas Buhr February 19, 2015
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Sequence of Geometries

Geometry 2:

zoom left zoom right Solution
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Sequence of Geometries

Geometry 3:

zoom left zoom right Solution

Andreas Buhr February 19, 2015
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Sequence of Geometries

Geometry 4:

zoom left zoom right Solution

Andreas Buhr February 19, 2015
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Sequence of Geometries

Geometry 5:

zoom left zoom right Solution
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Numerical Example

I Heat conduction
−∇ · (σ∇u) = 0

I 8x8 domain decomposition
I 80.401 dofs in full model

Neumann boundary

Neumann boundary
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Convergence

Andreas Buhr February 19, 2015
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Convergence
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Summary

ArbiLoMod
I ... handles arbitrary local modifications.
I ... intended for interactive use.
I ... is based on the Reduced Basis Method.
I ... has localized and adaptive generation of basis vectors.

Andreas Buhr February 19, 2015
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Backup Slides
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Convergence
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Convergence
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Sparse Matrix
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